Some solutions of the steady state diffusion of carbon dioxide through soils by Wesseling, J.
Some solutions of the steady state diffusion of carbon 
dioxide through soils 
by 
J. WESSELING 
Reprint Neth. J. agric. Sei., Vol. 10 (1962) No. 2 (May) 
Some solutions of the steady state diffusion 
of carbon dioxide through soils 
J. WESSELING 
Institute for Land and Water Management Research (I.C.W.), 
Wageningen, the Netherlands 
Summary 
Solutions have been given for the steady state diffusion of carbon dioxide through soils. The 
general diffusion equation (2) has been solved under the assumption that the relation between the 
ratio D/Da (= ratio coefficient of diffusion in soil and in air) and the fraction of airfilled pores 
is given by (4). The course of the C02-production ct in the soil profile is given by (5). 
In the case of sprinkler irrigation, the moisture content throughout the profile is assumed to be 
constant (field capacity). The solution is given by (6). 
If no sprinkler irrigation is applied, the solutions are given for the decrease of the air-content 
with the first and second power of the depth (eq. 9). For the first case the solution is given 
by eq. 20 and fig. 3, for the second case the solution is given by eq. 21 and fig. 4. The last 
two figures are based on a total C02-production B = 154 mg m-2 hr-1. 
1. Introduction 
Air can be supplied to the soil either by hydrodynamical flow owing to differences 
in pressure or by diffusion owing to differences in concentration gradients. BUCKING-
HAM (1904) pointed out that the hydrodynamical flow is of little importance for the 
aeration of the soil and that air is supplied mainly by diffusion. Various other in-
vestigators (VAN BAVEL, 1951, 1952), BLAKE and PAGE (1948), PENMAN (1940), ROMELL 
(1922), TAYLOR (1949) arrived at the same conclusion. 
Diffusion of gas through a porous medium takes place according to the general 
equation 
IKK)+« 
where 
q = amount of diffusion in gmol cm-2 sec1 
t = time in seconds 
z = distance in cm 
D = coefficient of diffusion in cm2 sec-1 
c = concentration of gas in gmol cm-3 
a = amount of gas (gmol) produced or adsorbed per unit time and unit volume. 
It is taken negative in the case of adsorption and positive in the case of 
production. 
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Since the changes in saturation of the soil are generally slow, as compared with the 
time in which the air in the upper layer of the soil is changed by diffusion, the 
aeration of the soil may be described by the equation for the steady state diffusion, 
derived from eq. 1 : 
ä ( ^ ) + « = « » 
C0 being the concentration 
c = 
of the 
= c„ 
= 0 
gas in the 
Z = 
Z = 
free 
-0 
L 
atmosphere. 
For the problem of aeration of the soil this equation is for homogeneous profiles 
subject to the boundary conditions : 
(3) 
Solutions of the equation are mainly dependent on a and D which are, in general, 
decreasing with depth. In the next sections some solutions will be given in which a 
and D are taken functions of the soil profile and the root depth. 
2. The coefficient of diffusion 
Diffusion must take place through airfilled pores, since the diffusion through water 
is about 104 times as small as that through air. The quantity of airfilled pores in 
the soil, therefore, is a very important factor. BUCKINGHAM (1904) found a propor-
tionality of D with the second power of the fraction of airfilled pores p. For p < 0,7 
PENMAN (1940) found the relationship D/Da = 0,66 p, where Da is the dif-
fusion coefficient in air. Penman's observations, however, lie all above p = 0,35, 
those of Buckingham above p = 0,25. On the other hand there are various data 
from BLAKE and PAGE (1948), BAVER and FARNSWORTH (1940) and TAYLOR (1949) 
where the diffusion coefficient is practically zero for p ranging from 0,10 to 0,15. 
The evidence that diffusion practically stops at p = 0,10 agrees with experiments 
of WYCKOFF and BOTSET (1936) who found that the hydrodynamical permeability for 
air is also practically zero if the airfilled pore space becomes less than 0,10. 
The values of D/Da obtained by PENMAN (1940), TAYLOR (1949) and VAN BAVEL 
(1952) are plotted against p in FIG. 1. Linear adjustment according to VAN UVEN (1946) 
gives for the relation between D/Da and p : 
D\Da=0,9p~0,1 (4) 
This relation was also used by VAN DUIN (1956) and WESSELING (1957) in their cal-
culations of aeration problems. 
3. The production of carbon dioxide 
A critical review of all kinds of observations about the production of carbon dioxide 
is given by WESSELING (1957) and WESSELING and VAN WIJK (1958). ROMELL (1922) 
states that the CCh-production in arable land during summer ranges from 0,55 to 
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FIG. 1. The relation between D/Da and the fractions of air-filled pores p after ex-
periments from VAN BAVEL (1952), PENMAN (1940) and TAYLOR (1949) 
0,82 g m-2 hr-i. KOEPF (1954) gives values of 0,15 to 0,40 g m-2 hr-i. WURMBACH (1934) 
gives for pasture land 8,8 to 11,9 g m ^ h r - 1 . According to LUNDEGAARDH (1924, 1954) 
temperature is the main factor below 20° C. At higher temperatures the moisture 
content of the soil will be the limiting factor. Also physical, chemical and biological 
properties of the soil will influence the uptake of O2 and the production of CO2. 
For the calculation of the CCh-content of the soil not only the total production of 
CO2 but also the relative production in each layer of the soil will have to be known. 
In an earlier article (WESSELING, 1957) the present author found that the production 
for arable land on homogeneous soil profiles may be described by an equation, 
originally proposed by VAN DUIN (1956) : 
a? — an 1-i^r Ö) (5) 
where 
az — the production of CO2 in gmol cm - 2 sec -1 at a depth z 
a0 — the production in the top layer 
L — the depth at which the production is zero 
In eq. 5 the varying amount of roots, bacteria, etc. in the soil will influence the 
production levels and the zero production depth. At the end of the growing season 
Neth. J. agric. Sei., Vol. 10 (1962) No. 2 (May) 111 
J. WESSELING 
L may be taken 90 to 125 cm dependent on the kind of crop. Taking a mean 
growing rate of the roots of 1 cm per day, the root depth at each moment during 
the growing season may be computed. 
For grassland the production of CO2 mainly takes place in the upper 20 to 40 cm 
of the soil and may be taken equal throughout the profile. The same holds for 
shallow clay layers or humous sandy layers resting on a sandy subsoil in which 
the roots generally do not penetrate. 
4. Solutions of the diffusion equation 
ROMELL (1934) gives some solutions of eq. 2 with a constant or linearly decreasing 
with depth and D constant throughout the profile. Similar solutions are given by 
VAN BAVEL (1951) for homogeneous and layered soils. Further VAN BAVEL (1951) 
and VAN DUIN (1956) give solutions in which a does not decrease linearly with 
depth. The last mentioned author uses eq. 5 for the decrease of a. 
In all solutions mentioned above the production of CO2 was assumed to be restricted 
to the upper layers of the soil. The constant value of D implies that the solutions 
are only valid for a constant moisture content of the soil. In the case of grassland 
or arable land, or soils with shallow rooting properties, the solutions may give a good 
deal of information about the CCh-concentration in these soils. 
The penetration of roots, however, determines for a great part the possible extract-
ion of water from the soil. In order to get information in how far root develop-
ment may be restricted by high concentrations of CO2, diffusion and production 
of CO2 in the subsoil has to be taken into account. Then the simplification of a 
constant moisture content throughout the profile is not permissible, except in the 
case of sprinkler irrigation. Therefore the present author developed solutions of eq. 2 
with a variable diffusion coefficient and
 a decreasing with depth according to eq. 5 
(WESSELING, 1957). These solutions, dealt within the next two sections, are made 
in such a way that they give the C02-content at each depth, when only the total 
production of CO2 and the course of the moisture content of the soil profile are 
known. 
5. Aeration in the case of sprinkler irrigation 
In general it may be stated that crop production increases with decreasing soil 
moisture tension except in the case that aeration is the limiting factor. What must 
now be the minimum pore space of the soil in order to prevent damage from in-
sufficient aeration? In other words, on what kind of soils sprinkler irrigation may 
be applied with respect to aeration? 
The most unfavourable conditions during sprinkler irrigation occur when the soil is 
kept at field capacity. Taking the soil moisture content constant throughout the 
profile, the diffusion coefficient is constant. Using now the relation between D/Da and 
p given in eq. 3 and a production according to eq. 4, the solution of eq. 2 subject 
to the boundary conditions given in eq. 3 becomes 
c = c - —
 q
° \l*~ 1l J*ZT*1* -02 LÀ (6) 
0,14 (0,9p - 0,1) \2^ 45 ^ ' ) 
where D/Da = 0,14 cm2 sec"1 at 15° C and Co = 0,03 mol %, is the concentra-
tion of CO2 in the air. 
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The total production of CO2 will be given by 
L 
f° .zdK 
0 
With the aid of eq. 5 integration gives 
L 
/*{'-©' dK = jaoL = B 
(?) 
(8) 
Taking a0 = 10-6 mgcm^sec -1 independent of the root depth L, the course of 
the C02-concentration in the soil according to eq. 6 is given in FIG. 2 for p0 = 0 , 1 5 
and 0,20 and L - 75, 100 and 125 cm. For p0 — 0,20 and a root depth L = 75 cm, 
the C02-concentration at a depth of 15 cm is 0,74%. 
FIG. 2. Course of the C02-concentration in the soil in the case of sprinkler irriga-
tion (moisture content is kept constant at field capacity) with B = - aQ L 
and a •=. 70-6 mg cnv2 sec-1. L — 75, 100 and 125 cm 
depth in cm 
O 
P0=Q20 
100 -
125 
°/oCO, 
In investigations carried out by STOLP and WESTERHOF (1954) where the conditions 
were in agreement with the above mentioned conditions, aeration was no limiting 
factor. This is in good agreement with the criterion given by LUNDEGAARDH (1924, 
1954) that the C02-concentration may not exceed 1 % at a depth of 15 cm. It is, 
however, by no means sure that this criterion is right for all crops. 
If the total production, the root depth and the moisture content at field capacity 
is known, the C02-content of the soil may be derived from FIG. 2 by simply multi-
plying the concentration found in this figure, by the ratio of the exact C02-produc-
tion and the one that was introduced in this figure. 
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6. Aeration in other cases 
Without sprinkler irrigation the moisture- and air-content of the soil profile depends 
on the depth of the water table, the kind of soil, the évapotranspiration rate and 
the root depth of the crop. Generally, the moisture content will increase with depth 
and consequently the air-content will decrease in this direction. Now it is assumed 
that the air-content decreases according to 
pz=p0(1-a^) (9) 
where the subscripts z and 0 indicate the depth. The value of k is chosen 1 and 2. 
Further a is given four or five values corresponding with increasing air-gradients in 
the profile. The corresponding values of L were computed from eq. 9 by taking 
L — z where pz = 0,1, thus the diffusion taken zero when p < 0,1. 
The values of a, p0 and L for which solutions are given are collected in TABLE 1 
(WESSELING, 1957). 
TABLE 1. Values of L computed from eq. 9 for various values of p0 and ak . The 
value of L is the depth where pK = 0,1 
Pa-
aj . 103 - 4 
6 
8 
10 
a2 . 103 = 4 
6 
8 
10 
12 
0,20 
87,5 
58,3 
— 
— 
93,5 
76,5 
66,1 
59,2 
54,0 
0,25 
120,0 
80,0 
60,0 
— 
109,6 
89,5 
77,5 
69,3 
63,3 • 
0,30 
94,4 
70,8 
56,7 
118,0 
97,4 
84,2 
75,3 
68,6 
0,35 
104,8 
78,5 
62,9 
125,0 
102,3 
88,6 
79,4 
72,4 
0,40 
112,5 
84,4 
67,5 
130,0 
106,0 
91,9 
82,1 
75,0 
A solution of the problem may be obtained in the following way. 
Using eq. 5 for the CCh-production, we get by substituting the value of B from 
eq. 8 into eq. 5 : 
ƒ ^=5B{l-j(S)u) (io) 
By introducing the lower limit pz = pL = 0,1, into eq. 4 we get : 
Dz = 0,9D„(pK-pL) (11) 
For z — L, eq. 9 becomes 
pL = p0<1-ahLt) (12) 
Substituting now the values of pz and pL from eqs. 8 and 11 into eq. 6 and taking 
D/Da = 0,14 cm2 sec-1 (at 15° C) gives 
£>, = 0,126 atp0(L,'-?) (13) 
With the aid of eqs. 19 and 13 the first integration of eq. 2 gives 
»{£-K9T-^+"'£ 
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Because — = 0 for z — L and DL = (0) we have from eq. 14 : dZ 
B = D0^- (15) 
and eq. 14 becomes 
^-'{'-'£-<er} (16) 
Substituting the value of Dz from eq. 11 into eq. 16 then yields: 
B[-1+5-
dc '{-'+'£-<(£)*} 
*Z 0,126 atp0(L* - **) 
Integrating eq. 17 with the boundary condition c = Co for z = 0 gives us 
(17) 
=
 c
. - ^ 2 - r i - / , * _ - * A (18) , f->+>i-'dy 
'° 0,126 akPo J L » - t 
Taking now 
* = \ (19) 
we get for k = 1 : 
/ = - * 
' = C 0 - - ^ - — / ± _ Ä = C 0 + ^ ^ | — (20) B r - 1 + s t - 4 t l * BIi __^ __ f „_„ , 
0,126 a^ J 1-t ° 0,126a,p0 
t = 0 
and for k = 2 : 
The values of /i and /2 are given in TABLE 2. 
TABLE 2. Values of 7i and h from eq. 20 and 21 respectively, for various values of t 
t: 0,0 0,2 0,4 0,6 0,8 1,0 
/ ! 0 0,163 0,274 0,347 0,388 0,401 
I2 0 0,149 0,236 0,284 0,309 0,316 
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FIG. 3. Course of the C02-concentration in the soil according to eq. 20. The air 
content in the soil decreases linearly with depth. The total C02-production 
B = 154 mg nr2 hr_1. Figures near curves indicate values of a\ and po 
respectively 
100 
FIG. 4. Course of the CC<2-concentration in the soil according to eq. 21. The air 
content in the soil decreases with the second power of the depth. The total 
C02-production B = 154 mg m-2 hr4 . Figures near curves indicate values 
of 02 and po respectively 
depth in cm 
O r 
100 -
125 
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With the aid of the TABLES 1 and 2 and eqs. 19, 20 and 21, the C02-concentration 
can be computed. This has been done for k = 1 in FIG. 3 and for k = 2 in FIG. 4. 
In these graphs B was taken 154 mgm- 2hr- 1 . When the total COs-production B, the 
root depth and the course of the moisture content is known, the CCh-concentration 
may be determined from these graphs by multiplying the C02-content found in the 
graph by the ratio of the real C02-production and that introduced in the graph used. 
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